Abstract. It is shown that if (py1)' + ay = 0 on [0, oo) is oscillatory then (pz')' + aqz = 0 is also oscillatory for functions satisfying a(t) 3* 1 and
ON CERTAIN COMPARISON THEOREMS FOR SECOND ORDER LINEAR OSCILLATION MAN KAM KWONG
Abstract. It is shown that if (py1)' + ay = 0 on [0, oo) is oscillatory then (pz')' + aqz = 0 is also oscillatory for functions satisfying a(t) 3* 1 and 2p(t)a'(t) -3('p(s)a'2(s)a->(s) ds 0 is nonincreasing.
In [2] Fink and St. Mary showed that if the second order linear equation
(1) (p(t)y'(t))' + q(t)y(t)=0, íG[0,oo), where p and q are piecewise continuous functions and p(t) > 0, is oscillatory then the following equation
is also oscillatory for any X > 1. This in fact follows immediately from the classical Picone-Sturm Comparison Theorem if we observe that (2) is equivalent to (^z'(0) + q(t)z(t) = 0, the leading coefficient of which is smaller than that of (1). Erbe in [1] then observed that multiplying the coefficient q by a certain class of (nonconstant) functions a(t) preserves the oscillatory property, thus extending the result of Fink and St. Mary. The condition on a is that (p(t)a'(t)) be nonincreasing and a(t) > 1.
The purpose of this paper is to show that Erbe's result is still true for a wider class of functions a, namely those that satisfy Proof. If/is C1, the lemma is obvious since
If f is not C\ we can approximate it by a smooth nonincreasing function and prove the lemma by a continuity argument.
Lemma 2. Suppose that a(t) satisfies the second condition of (3), then the function
is a nonincreasing function of t.
Proof. This follows from Lemma 1 by letting Jo a{s) and g(t) = \/4a2(t). Remarks. 1. Erbe's Theorem was formulated with a different leading coefficient />,(/) in (4) such that px{t) <p(t). Since this slightly more general form follows easily upon applying the Picone-Sturm Comparison Theorem to the above form we prefer to state our result in the simplified form.
2. From the proof it is obvious that in fact a Comparison Theorem is valid on finite intervals, i.e., in between any two zeros of any solution y of (1) there is at least one zero of any solution of (4).
3. If the function a is C2, then the second condition in (3) is equivalent to (5) 3p(t)a'2(t)>2(p(t)a'{t))'a(t) forlarge?.
Proof. Let r(t) = -p(t)z'(t)/z(t). It satisfies the Riccati equation r'(t)=a(t)q(t) + r2(t)/p(t).

The substitution R(t) = r(t)/a(t) transforms this to
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where ß, is a nondecreasing function, by Lemma 2. We may take Qt to be C1 for otherwise we can approximate it by a C1 function and use a continuity argument. Equation (6) corresponds to the linear equation An example of a function a(t) satisfying (3) with p(t) = 1 but not Erbe's condition is a(t) = atl/2 + r3/2sin t, for any a e (1/2,1).
Applying Theorem 1 to any known oscillation criterion, we can obtain new oscillation criteria, for example, for some a G (0,1) implies that z"(t) + q(t)z(t) = 0 is oscillatory.
Proof. We compare the given equation with the equation y"(t) + q(t)y(t)/a(t) -0. That the hypotheses of the two corollaries are sufficient respectively to guarantee that the latter equation is oscillatory is well known, see for example [3] .
